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Characterizing a cluster as solid or
liquid

• Motivation: para-Hydrogen clusters
• A simple model of a cluster switching from liquid

to solid
• Lindemann parameter: classical
• New Lindemann parameter: quantum 

mechanical
• Solid-Liquid behavior
• Application: Lennard-Jones clusters
• Conclusions



Motivation: para-Hydrogen clusters
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Motivation: para-Hydrogen clusters
• Systematic studies
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para-Hydrogen clusters: Main
results - 1

• Experiment: Magical cluster at N=13
• Theory up to N=40
• DMC: only N=13 is magical
• PIGS and PIMC: many othe magical

clusters

• MAGICAL defined as a peak in the dissociation energy



para-Hydrogen clusters: Main
results - 2

• HIGHLY STRUCTURED DENSITY with defined shells
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Constituents coordinates obtained by minimizing the 6-12 Lennard-Jones potential
(static problem)

A. L. Mackay, Acta Crystallogr.  15, 916 (1962).
M. R. Hoare and P. Pal,  Adv. Phys.   20, 161 (1971).
M. R. Hoare,  Adv. Chem. Phys.  40, 49 (1979).
J. Dana Honeycutt and Hans C. Andersen,  Phys. Chem.   91 , 4950, (1987).
The Cambridge Cluster Database, D. J. Wales, J. P. K. Doye, A. Dullweber, M. P. 
Hodges, F. Y. Naumkin, F. Calvo, J. Hernández-Rojas and T. F. Middleton,
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Simple cluster model
c : cluster coordinates

r : constituent coordinates

Single particle wave functions

Bose symmetrized cluster wave function

Parameters: Harmonic vibrations: �� ���

Cluster size: 

Dimensionless: �d



Limits of model cluster wave
function

Small HO parameter is equivalent to null C – cluster 
coordinates -> Liquid

Large HO parameter is equivalent to point-like cluster wave
function -> SOLID

Where is the liquid-solid transition?  Compute the probability of 
finding the particle in a sphere of radiusd/2: 

To have a probability of 0.9 the required value of �=3.20 (SOLID).
For a probability of 0.7 then �=2.40 (LIQUID)



Model independent parameter: 
Lindemann parameter

• F. A. Lindemann, Phys. Z. {\bf 11}, 609 (1910)

The average of the oscillations of single atoms
divided by the distance to the nearest neighbors

Reasonable for quasi-classical description of solids, but not for
quantum-mechanical cluster 

Related to measurable quantities:
J.J. Gilvarry, Phys. Rev. 103, 1700 (1956).
R.D. Etters and Jaya Kaelberer, Phys. Rev. A {\bf 11}, 1068 (1975).



Lindemann parameter: forms used
in quantum mechanical studies

• Thomas L. Beck, J.D. Doll and David L. Freeman, J. Chem. Phys. 
190, 5851 (1989)

• Works on para-Hydrogen already mentioned (K. Birgitta Whaley)
• Based on mean bond length fluctuations

Uncompatible with Bose symmetry

A generic form has been recently introduced

J. E. Cuervo and P.-N. Roy, J. Chem. Phys. 128, 224509 (2008)



Some comments on Bose
symmetry

only those which are fully symmetric (bosons) or fully antisymmetric (fermions)
appear in nature. In both cases the probability density is a symmetric function, and 
when computing the expectation value of any operator it acts as a projector, 
extracting from this operator exclusively the symmetric part.
In other words, relevant quantum mechanical operators in a system of identical 
particles must be symmetric. At the same time, the use of particles labels has not 
sense, apart from being a way of labelling the 3N dummy coordinates of the wave  
function

Particles are called identical if the hamiltonian is invariant under the permutation of 
particle coordinates, like in the case of typical N-body problems for which the 
hamiltonian is

with all masses equal and the two-body interaction is symmetric. The Spin-Statistics 
connection principle establishes that among all solutions of the eigenvalue equation



Limits of Generic Lindemann
parameter for our model

• Solid Limit: 0.27 (N=10) to 0.34 (N=40)

• Liquid Limit (N indep.): 0.422: very small interval
• Troubles with Bose symmetry (Cuervo and LeRoy)

para-H                                                        ortho-D



New Lindemann parameter
For a given operator  O the quantum incertitude (i.e., the 
standard deviation for the Copenhagen interpretation of 
quantum mechanics) is given by

Use the relativeincertitude of the mean square pair 
distance

Limit solid=0  

Limit liquid=



Specific proposal of new
Lindemann parameter

Limit liquid: 0.8165

Limit solid: 0



Transition: use model wave
function (exact calculation)

Solid:

�>3.2  �<0.30

Liquid:

�<2.4  �>0.45



Role of Bose symmetry



Monte Carlo Metropolis calculation

Metropolis sampling adequate when Bose correlations are important.

Troubles with PIMC (no importance sampling wave function) ?



Lennard-Jones clusters
Reduced units hamiltonian

De Boer parameter



Noble gasses

para-Hydrogen: 0.30

ortho-Deuterium = 0.20



Variational calculation: trial function

a   =    is the only variational parameter



New Lindemann parameter LJ

From bottom to top: L = 0.03(Ar), 0.05, 0.10(Ne), 0.20(o-D), 0.30(p-H), 0.40(He) 



Radial distributions (variational)
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Conclusions

• New Lindemann parameter based on
quantum uncertainty

• Fuzzy limits: above 0.42 is a liquid
below 0.30 a solid

Limits to be revised (DMC calculation
required)
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