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Higher order error terms are of the form ሾT,Qሿ and ሾV,Qሿ. For periodic orbits or quantum traces, the error terms don’t have to vanish, only need to be pair‐wiseequal :                             eTQ  ൌ eVQ    In classical dynamics, these are corrector or processalgorithms ሺWisdom, et al. ሺ96ሻ, Blanes, Casas & Ros ሺ99ሻሻAre there process algorithms ൐ 2nd order with only ሼti  , vi ሽ ൐0? ሺNeeded for PIMCሻNO!   Chinሺ04ሻ, Blanes & Casasሺ05ሻ. The fourth order Takahashi‐Imada propagator again requires ሾV,ሾT,Vሿሿ. This generalizes Sheng‐Suzuki.
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2Upward driftvelocity removedS2bൌsymplecticsecond‐order2bൌenergy‐conservingsecond orderM, FR, RK, fourth‐orderalgorithms
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By relabeling the radial SchrÖdinger equationwithvia                   and                            , it can be solved as a  classicalharmonic oscillator with a time‐dependent spring constant. Theground state wave function of  hydrogen is then the trajectoryfor                             d2q/dt2ൌሺ1‐2/tሻqሺtሻ         with ሺq0,p0ሻൌሺ0,1ሻ.This can be solved using MPE and adopting Suzuki’s rule for the time‐ordered exponential.  ሺJuergen Geiser will talk more about this.ሻ



Integrating out from tൌ0.The time‐stepsize is just t!FRൌForest‐RuthBMൌBlanes‐MoanMൌMcLachlanMag4ൌMagnus4Bൌforward BMPE, up tothe 100th order!Chin and Geiser ሺ09ሻ



The decomposition of                       is the “holy grail” of algorithm development . ሺThe exact  Zassenhaus formulais not practical.ሻ  The multi‐product expansion, while notsymplectic/unitary ሺbut can be energy conservingሻ, is anextremely simple way of  achieving high‐order accuracy.Hope that it is also useful in your own field of study!   I thank all my collaborators, but specially Eckhard, formany years of fruitful collaboration. I am speciallyindebted to Jordi for making this conference possible. 


